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In this paper we study the first law of thermodynamics for the (2+1) dimensional charged BTZ 
black hole considering a pair of thermodinamical systems constructed with the two horizons of this 
solution. We show that these two systems are similar to the right and left movers of string theory 
and that the temperature associated with the black hole is the harmonic mean of the temperatures 
associated with these two systems. 



I. INTRODUCTION 

Bekenstein and Hawking showed that black holes have non-zero entropy and that they emit a thermal radiation that 
is proportional to its surface gravity at the horizon. When the black hole has other properties as angular momentum 
J and electric charge Q, these quantities are related with the mass through the identity 

dM = TdS + QdJ + 1>dQ, (1) 

where = ^j- is the angular velocity and $ = ^Sy is the electric potential. This relation is called the first law of 
black hole thermodynamics^, 0|. When the black hole has two horizons, it is known that it is possible to associate 
a first law with each of them. The outer horizon is related with the Hawking radiation while the inner horizon is 
related with the absortion proccess. 

In this paper we will apply the method described by Wu to describe the thermodynamics of the charged BTZ 
black hole in (2+1) dimensions and relate it with the effective string theory and D-brane description of black holes. 
In order to accomplish this, we will define two thermodynamical systems as the sum and the difference of the two 
horizons associated with the rotating BTZ black hole. These systems resemble the R and L moving modes of string 
theory and will provide a way to show how the Hawking temperature Th associated with the BTZ black hole can be 
interpreted as the harmonic mean of thetemperature of the R and L parts, i.e. 
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II. THE CHARGED BTZ BLACK HOLE 

The charged BTZ black hole 01 is a solution of (2 + 1) dimensional gravity with a negative cosmological constant 
A = — p. Its line element can be written as 

dr 2 

ds 2 = -Adt 2 + — + r 2 dip 2 , (3) 

where the lapse function is 

A = -M + r!-fl„(I). (4) 
This solution has two horizons given by the condition A = 0, 
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The Bekenstein-Hawking entropy associated with the black hole is twice the perimeter of the outer horizon, 



S = 47IT+, 



(6) 



and therefore, the mass can be written as 
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The Bekenstein-Smarr integral mass formula is [3] 



M= l -TS+ l -<S>Q + - A Q 2 
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M = kV + i$Q + \q 2 
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where V = ^ is the "reduced" perimeter and k is the surface gravity. Thus, the Hawking-Bekenstein entropy can 
be written as 



S = 47r7> 



and the mass ([7]) is given by 
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Finally, the differential form of the first law for this black hole takes the form [? 



dM = 2ndV + 3>dQ. 
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As discussed before 0, @|, we can associate a thermodynamics to both outer and inner horizons. The four laws 
associated with theser horizons describe the Hawking radiation process as well as the absortion process. Therefore, 
the integral and differential mass formulae can be written for the two horizons, 
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dM = 2n±dP± + $±dQ. 

From these relations, is easy to see that the surface gravity and electrostatic potential at the two horizons are 
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while the entropy and temperature associated with each horizon are 
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S ± = A%V± 
T± = ^ 
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From equation (fl3"ll we can obtain to important relations, 
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Now, using the inner and outer horizons we will define two independient thermodynamical systems. Following Wu 
0, the R-system will have a reduced perimeter corrspondient to the sum of the inner and outer perimeters while 
L-system corresponds to the difference of these perimeters, 
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It is important to note that each of these systems carry two hairs (M, Q), but we will show that the electric potential 
is different for each of them. However, to begin, we will obtain the thermodynamical relations for these systems and 
then, we will relate them with the thermodynamics of the charged BTZ black hole and its Hawking temperature. 



III. R-SYSTEM THERMODYNAMICS 

First, we will focus in the R-system. The surface gravity for this system is 
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Since Vr = V+ + P- , we get 
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= 1, 



and equation (|20j) gives 



8V+ dV- 



Hence, using equations 1(24]) and |25|l we can write 
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On the other hand, using equation (fl9"ll we obtain 
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Therefore, putting equations lp) jl .lf27" |) .(|2"8 ]) and (J29J) into (J23J) we obtain 
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This equation shows that the temperature for the R-system satisfies 

111 
— -— + —, 

while the entropy can be written as 

S R = AttVr = 4tt (V+ + V-) =S+ + S- 
On the other side, the electric potential is obteined by the expression 

\dQ) VR \dV + ) VRtQ \dQ ) Vr \dV-) VRtQ \dQ 
Since T^r = V+ + V- , we have 



and eqution f20|) gives 

1 ($+ - $. 



On the other hand, using equation (fT9|) we obtain 

(9M_\ = V_ _Q 
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Therefore, putting equations (J35j) , (J36J , ([37]) , {38| and ((39j) into (J34)) , we obtain 

= ($+ + $_) k + - k_ ($ + - <£>_) 

fl 2 K+ + K_ 2 

Finally, the integral and differential mass formulae for the R-system are 

M = krVr + ^rQ + ^Q 2 
dM = 2KRdVR + § R dQ, 
that corresponds to what is expected from equations Q and (fT2|) , 



IV. L-SYSTEM THERMODYNAMICS 



Now, we will turn our attention to the L-system. The surface gravity for this system 
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and using the eqution f20|) we obtain 
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Thus, using equations (|44| and i[45|) we can write 



On the other hand, equation lfT9|) gives 
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Therfore, putting equations (|46 jl .l|4"7 |) .l|48 f and (J49J) into (03} we obtain 
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This equation shows that the temperature for the L-system satisfies 

11 1 

T2 ~ T\ ~ TL' 

and the entropy is 



S L = AttVl = 4tt (7>+ - = 5+ - S- 
On the other side, the electric potential is give by 
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$i {do)v L {dV^) v ^ Q {dQ) VL + {dv\ L ^ Q {dQ) rL + {dQ) v+tV ^ (54) 



Since Vl = V+ — V- , we have 
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and using the eqution f20|) is easily to obtain 
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On the other hand, using equation (fT9ll we get 
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Hence, putting equations ([55)1 . <[56|l . (|57|) . {H| and <(59j) into (f54|) . we have the electric potential 
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Finally, the integral and differential mass formulae for the L-system are 

1 _ „ 1 



M - k l P l + -$ l Q + -Q^ (61) 
dM = 2 KL dP L + <i> L dQ, (62) 

that corresponds to equations ((9]) and (fl2"l) . 



V. RELATIONSHIP BETWEEN THE R,L-SYSTEMS AND THE BTZ THERMODYNAMICS 

The thermodynamic laws of the R, L- systems are related with the BTZ black hole thermodynamics. Equations 
([3lTl and l|5"Tj) can be resumed into 

-!— Ui, (63) 

that corresponds exactly with the relation found by Wu[3| for Ker-Newman black hole and A. LarranagaQ for the 
BTZ black hole. This relation is in direct correspondence to effective string theory and D-brane physics. 

Since temperature is proportional to surface gravity, we have a similar expression obtained for equations ([32)1 and 

m. 
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This last relation give us immediately an expression for the Hawking temperature associated with the BTZ black 
hole, that corresponds to the temperature of the outer horizon, 



T h = T + = ^., (65) 



in terms of the temperatures of the R and L systems. The relation is 



2 11 

^ = ^ + ^' (66) 

which shows that the Hawking temperature is again the harmonic mean of the R and L temperatures. 
Now, lets play some attention to the electric potential. Note that using equations lf3lj) and lf5Tj) we can rewrite the R 
and L electric potentials given by (|40|) and l[60|) . as 



($++$_) K R:L ($+-$_) 

®R,L = 7y + 7y (67) 

2 kl,r 2 

This equation is exactly the same found by Wu [?| for the Kerr-Newman black hole, showing again that the effective 
string theory thermodynamics seems to be a universal picture holding also in 2+1 gravity. 



VI. CONCLUSION 



In this paper we have shown that the thermodynamics of the (2+1) dimensional charged BTZ black hole can be 
constructed from two independient thermodynamical systems that resemble the right and left modes of string theory. 
If one assume that the effective strings have the same mass and electric charge that the charged BTZ black hole, there 
is a correspondence between the R and L modes thermodynamics and the thermodynamics of the horizons. 

We have show that the Hawking temperature associated with the black hole is obtained as the harmonic mean of 
the temperatures associated with the R and L systems, just as in the case of stringy thermodynamics. Moreover, 
equation (|67|) shows that the electric potential of the R and L systems si related with the electric potential of the 
inner and outer horizons with the same quation obtained by Wu pj] for the Kerr-Newman black hole. 

All these facts suggest that there is a deep connection between string theory and D-branes with black holes physics 
that seems to hold in many cases, not only in General Relativity but also in 2+1 gravity. Therefore, it is really 
interesting to investigate if this relation can give some clue for the understanding of the origin of black hole entropy. 
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